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I. INTRODUCTION
T UNNELING is a phenomenon which provides insight into many interesting processes such as radioactive decay [1] , frustrated total internal reflection [2] , lasing in quantum-well laser structures [3] , and electron transport in planar doped barrier (PBT) devices [4] - [9] , leading to ultrafast devices like switches, modulators, transistors, photodetectors, etc. The Schrodinger equation as used in quantum mechanics contains a potential term, whereas in optics, the Maxwell's equations lead to a stationary equation for a mode. This modal equation is again the Schrodinger equation with the refractive index profile term being the optical analog of the quantum mechanical potential. A knowledge of the tunneling coefficient is an important factor, for example in the determination of power attenuation along a waveguide or to determine the I-V characteristics of PBT devices. To analyze potentials for which the Schrodinger equation cannot be solved analytically, one has to look for approximate methods or resort to numerical techniques. Various techniques have been employed to understand optical waveguides and quantumwell structures [2] - [29] . The majority of these techniques resort to solve the Schrodinger equation numerically. No doubt that using numerical methods one gets the solution to the desired accuracy, but one tends to lose a considerManuscript received December 20, 1991 able deal of physical insight in the process. Our motivation is to present a simple approximate method which gives good accuracy with relative ease. Among the approximate methods, the most widely used method is certainly the semiclassical WKBJ approach [1] , but it is restricted to slowly varying potential profiles that are continuous. In order to include the effect of jump discontinuities, one has to modify the conventional WKBJ approach [29] .
We have applied a new method, the modified Airy function (MAF) method [30] for the analysis of tunneling through an arbitrary 1-D potential barrier. The method yields an approximate analytic solution to the 1-D timeindependent Schrodinger equation and a closed form expression for the wave function. It has been shown to be more accurate than the WKBJ method in optical waveguide problems, such as the calculation of eigenvalues and eigenfunctions [31] , [32] , and its solutions are valid even at the turning points. The method gives good accuracy with relative ease.
In Section II, we briefly discuss the MAF method and provide a general analysis of tunneling through an arbitrary potential barrier. In Section III, we discuss the results obtained by the MAF method for four example profiles, a truncated step-linear, exponential, parabolic, and a quartic potential. We consider the first two, as they possess a jump discontinuity and exact solutions can be obtained analytically for the step-linear potential, and the latter two, in order to consider smooth profiles which are of considerable importance in fiber and integrated optical waveguides. The MAF results are compared with those obtained by the conventional WKBJ [1] , modified WKBJ (MWKBJ) [29] in addition to the recently developed matrix method [14] .
In addition, we also discuss the effect of the truncation level on the tunneling coefficient for the truncated steplinear and parabolic profiles and compare the performance of MAF with other methods.
II. FORMULATION
We start with the time-independent Schrodinger equation,
The MAF solutions of this equation are [30] :
where Ai and Bi are the Airy functions and
where x 0 represents a turning point where fc 2 (x) changes sign. Simple manipulations yield Now consider an arbitrary 1-D potential of the form as shown in Fig. 1 . All mathematical symbols with the subscript "1" or "I" are relevant to Region I, whereas those with the subscript "2" or "II" are relevant to Region II.
]
.
Substituting the asymptotic forms Ai and Bi and using (5) we have
Since there should be no reflected wave
Without any loss of generality, let us assume D 2 = 1, therefore, C 2 = f and Substituting the asymptotic forms for Ai and Bi [33] and using (5), we have,
Applying the continuity of ^(x) and \j/' (x) at x = 0, we get,
where a = 2/3|£ 1 | 3/2 + 7r/4. This will be used later in the evaluation of the tunneling coefficient.
In Region II: fc 2 (x) = k\(x) and £ 2 (x) is defined as 
As x -» 00, £ 2 (x) -» -00, and £ 2 (x) is negative in Region II.
The subscripts "10" and "20" denote the value of the function defined in Region I and II, respectively, at x = 0. In problems where the carrier mass changes abruptly during tunneling, e.g., in tunneling from InGaAs through InAlAs etc., the continuity of \p{x) and \j/'(x)/m* has to be considered at the heterointerfaces [6] , [27] , [28] , where m* is the effective mass. The tunneling probability through the barrier is defined as (15) where J, and /, are the probability fluxes associated with the transmitted and the incident waves, respectively. The probability flux is defined as [1] , / = ReU*-^|.
mi dx
Therefore, from (8) and (11), the MAF tunneling coefficient T MAF is given by 4 The WKBJ tunneling coefficient is given by [1] 
'MWKBJ ~ JWKBJ hr where the first factor is the r WKBJ and the second represents the analytic continuation of the classical Fresnel power transmission coefficient at the step discontinuity.
III. APPLICATIONS AND RESULTS

A. A Truncated Step-Linear Potential
The truncated step-linear potential is characterized by the potential function,
as shown in Fig. 2 , where X = x/a and B = b/a are both normalized. Therefore, (1) where
where 6 = exp (-{*, V'-k 2 (x) dx) which is valid for slowly varying potentials which are continuous. The an( * above expression is more accurate than the expression
2 -The effect of the step discontinuity is effectively taken into account by the MWKBJ tunneling coef-where ficient [29] , which yields (19) and
The tunneling coefficient calculated using the MAF method has been compared with the exact solution, the WKBJ and the MWKBJ method, in addition to the one obtained by the recently developed matrix method [14] , in Table I . The matrix method results are identical to the exact ones and one can see that the MAF results are in better agreement with them as compared to the WKBJ and the MWKBJ results. It may however be mentioned, that good agreement of MAF with exact is expected, as for a linear profile Airy functions give the exact solution. But for computing the MAF tunneling coefficient in this case, the continuity conditions have not been taken at X = B, but at X = 0 only.
B. A Truncated Step-Exponential Potential
We have considered the truncated step-exponential potential, in order to consider another discontinuous practical graded-index profile encountered in planar waveguides [34] , whose exact solutions cannot be obtained analytically. The potential profile is as shown in Fig. 3 Fig. 3 . The truncated step-exponential potential.
and is expressed as,
where X = x/a is normalized, the turning points being at X = 0 and X = -In e. The MAF tunneling coefficient has been compared with the WKBJ, MWKBJ, and the matrix method solutions in Table II . It can be seen that the MAF solutions are much more accurate than the WKBJ or the MWKBJ solutions, considering the matrix method solutions to be exact for this case Fig. 4 illustrates the truncated parabolic potential = 0
C. A Truncated Parabolic Potential
where X = x/a and B = b/a are both normalized. The turning points being at X = ±q where q = V(B 2 -e). The MAF solution has been compared with the matrix method along with the WKBJ, in Table III , since no exact solution exists for this case also. The MAF solution is not as good as the WKBJ solution. This may be related to the fact that WKBJ is known to predict exact energy eigenvalues for an infinite parabolic potential. Again it may be mentioned that the continuity conditions have been applied at X = 0 and not at the truncation points. Application of the continuity conditions at the truncation points Table III .
D. A Truncated Quartic Potential
We have considered the truncated quartic potential in order to consider another smooth profile as shown in Fig.  5 
where again X = x/a and B = b/a are both normalized. The turning points in this case being at X = ±q where q = (B 4 -e) 1 / 4 . The MAF solution has been compared with the WKBJ and the matrix method solutions in Table  IV . It is obvious that the MAF solutions are more accurate than the WKBJ solutions.
To study the effect of the truncation level on the tunneling coefficient, we increase the value of B and e such that q remains constant. For the step-linear potential, the tunneling coefficient is a monotonically decreasing function of the truncation level as shown in Fig. 6 . The WKBJ solution is independent of the level of truncation of a potential and yields a constant value for the tunneling coefficient, while the MWKBJ and the MAF solutions effec- on the modified Airy function approach. It has been applied to four example profiles, a truncated step-linear, step-exponential, parabolic, and a quartic potential profile. An investigation of the effect of the truncation level on the tunneling coefficient has also been made. The tunneling coefficient is sensitive to the level of truncation. It monotonically decreases for the step-linear potential, while for the truncated parabolic potential, it oscillates before saturating to a constant value. The present paper shows that MAF method can be used for tunneling problems and it gives more accurate results compared to the WKBJ method, except for an infinite parabolic potential. The added advantage of the MAF method is that the field expressions are applicable even at the turning points.
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An investigation of the effect of the truncation level on the tunneling coefficient with the matrix method for the truncated parabolic potential yields an oscillatory behavior, which saturates to a constant value [4] , [6] , [35] as shown in Fig. 7 . Here, B and e are increased such that q 2 = B 2 -e remains constant. Although MAF yields a constant value like WKBJ, MMAF effectively yields the oscillations. The saturating value by matrix method is closer to WKBJ rather than MAF or MMAF. The reason being that for B £: 2, the potential barrier is more like an infinitely parabolic potential, for which WKBJ is known to predict exact eigenvalues.
IV. CONCLUSION
We have presented a simple method for the analysis of tunneling through an arbitrary 1-D potential barrier, based
